
ECH 252 - Statistical Thermodynamics - kyates@ucdavis.edu 2025/08/17 14:41
1 Definitions and Fundamentals
β ≡

(
∂ ln Ω
∂E

)
V,N

= 1
kBT

ϵ ≡ ℏω
Expectation value: ⟨X(E)⟩ =

�∞
−∞ φ(E)X(E) dE

Stirling approximation: lnN ! ≈ N(lnN − 1) N ≫ 1

Dirac delta: δ(x) =

{
+∞ x = 0

0 x ̸= 0

{∀ϵ > 0} :
� x0+ϵ

x0−ϵ
δ(x− x0) dx = 1

Γ(n) ≡ (n− 1)! n ∈ N

H(q,P ) ≡ Ep(q) + Ek(P ) = Ep(q) +
N∑
i=1

|P⃗i|2
2m

S = −kB
∑
i

Pi lnPi

H = −
∑
i

Pi lnPi

T−1 =
(
∂S
∂E

)
N,V

≈ ∆S
kB∆E

2 Ensembles
2.1 Microcanonical Ensemble (NV E)

φ = 1
N !h3N

1
Ωδ [H(q,P )− E]

Ω = 1
N !h3N

�
· · ·

�
δ [H(q,P )− E] d3Nq d3NP

Φ = 1
N !h3N

�
· · ·

�

H(q,P )≤E

d3Nq d3NP Ω = ∂Φ
∂E

S = kB lnΩ

2.1.1 Microcanonical Ideal Gas

Ω = 1
N !h3N V N (2πm)3N/2

Γ(3N/2) E3N/2−1

S = NkB

(
ln
[
V
N

(
4πmE
3Nh2

)3/2]
+ 5

2

)
PV = NkBT CV = 3

2NkB CP = 5
2NkB

2.2 Canonical Ensemble (NV T )

φ = 1
N !h3N

1
Z e−βH(q,P )

Z = 1
N !h3N

�
· · ·

�
e−βH(q,P ) d3Nq d3NP

⟨E⟩ = −∂ lnZ
∂β = − 1

Z
∂Z
∂β

S = kB lnZ + ⟨E⟩
T

A = −kBT lnZ = U − TS

2.2.1 Canonical Ideal Gas

Z = 1
N !h3N

(
2πm
β

)3N/2

V N

2.3 Grand Canonical Ensemble (µV T )

φ = 1
N !h3N

1
Z
e−β(H(q,P ,N)−µN)

Z =
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N=0

1
N !h3N

�
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�
e−β(H(q,P ,N)−µN) d3Nq d3NP

Λ = −kBT lnZ = A− µN

2.4 Isothermal–Isobaric Ensemble (NPT )

φ = 1
N !h3N

1
z e

−β(Hi(q,P )+PV )

z = 1
N !h3N

∞�
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dV
�
· · ·

�
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G = −kBT ln z G =
∑
i

µiNi

3 Models
3.1 Einstein Solid
U = 3

2Nϵ+ 3Nϵ
eϵβ−1

NV E: CV = 3NkB(ϵβ)
2 eϵβ

(eϵβ−1)2

3.2 Debye Solid
ω(k) = 2

√
κ
m |sin kδlattice

2 |
ωD ≡ πc̃

δlattice
TD ≡ ℏωD

kB

E =
ωD�

0

g(ω) ℏω
eβℏω−1

dω g(ω) = 3V ω2

2π2c̃3

CV = 9NkBT
(

T
TD

)3 TD/T�

0

exx4

(ex−1)2 dx x ≡ βℏωD

3.3 Simplified Ising Model
σ ∈ {−1,+1} H = −

∑
⟨i,j⟩

Jijσiσj

4 Boson and Fermion Statistics
ZF

B =
∏
i

(
1± e−β(ϵi−µ)

)±1

⟨Ni⟩F
B = (eβ(ϵi−µ) ± 1)−1 Occupancy function

5 Planck’s Law
Bf = 2hf3

c2
1

eβhf−1

uf = 4π
c Bf

6 The Thermodynamic Square
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d1 = 2d|3|+ 4d|5|
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∂|1|
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)
3
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(
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7 Non-ideal Mixing
F ∈ {H,G, S, V } F =

∑
i niF̄i F̄i =

(
∂F
∂ni

)
T,P,n′

F E = F −
∑

i xiF
◦
i = ∆mixF −∆mixF

◦

∆mixǦ
◦ = RT

∑
i xi lnxi ∆mixǦ = RT

∑
i xi ln ai

ǦE = RT
∑

i xi ln γi γi ≡ ai

xi

7.1 Binary Solid Solutions
∆mixS = kB lnΩ Ω = (N1+N2)!

N1!N2!
∆mixS = −kB(N1 +N2)(x1 lnx1 + x2 lnx2)
kB = R

A N = nA

Ǧ◦ = x1Ǧ1 + x2Ǧ2 +RT (x1 lnx1 + x2 lnx2)

8 Phase Transition
Homogeneous nucleation: ∆G(r) = 4π

3
r3∆Ğ+ 4πr2γ Rc = − 2γ

∆Ğ

8.1 Mean Field Approximation

H = −J
∑
⟨i,j⟩

σiσj − h
N∑
i=1

σi

mi = ⟨σi⟩ m ∈ {−1, 0,+1} m = 1
N

∑
j

mj = mi

m = tanh(βJmNneighbours + βh) self consistency equation
Tr ≡ T−Tc

Tc
C ∝ T−α

r m ∝ −Tr
β α, β: critical exponents

AMF(m) = T
2 ln

(
1−m2

4

)
− JNneighbours

2 m2 +mT · arctanh(m)
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